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1. Introduction 
The issues relating to the multiparticle 
production in hadron-nucleus (hA) and nucleus-
nucleus (AA) collisions have been extensively 
studied in the past [1-19]. Apart from studies on 
multiparticle production, the major goal of 
studying AA collisions is to search for the 
formation of quark-gluon plasma (QGP) that is 
the de-confined state of matter expected to be 
observed at enegy density ~ 3 GeV/fm3. There 
are many signatures [20] of QGP, one of the 
mechanisms to study this is the fluctuations in 
the particle densities. Fluctuation studies in 
individual events/interactions may give rise to 
peaks or spikes in the phase space domains [21-
23]. For thermodynamic turbulence, these are 
studied using the method of scaling of factorial 
moments of the multiplicity distributions by 
dividing it into different bin sizes [24]. 
     To study the self-similarity in multiplicity 
fluctuations, Bialas and Peschanski [25] 
proposed that if we study the variations of 
factorial moments with decreasing bin widths, it 
shows power-law behaviour which is referred to 
as intermittency. The search for a link between 
intermittency and phase transition, that leads to 
thermodynamic formulation of fractal 
dimensions of which intermittency is a special 
case [26-29], has been discussed.  
     A fractal or a self-similar object has the 
characteristics of satisfying a power-law 
behaviour which reflects the underlying 
dynamics [30]. In the present work, method of 
multifractal moments is used to investigate the 
scaling properties of relativistic AA collisions. 
 
2. Mathematical Formalism 
In order to study multifractality, a given 
pseudo-rapidity range, 𝜂 (=𝜂𝑚𝑎𝑥  𝜂𝑚𝑖𝑛), 
is divided into M bins of width δη =𝜂/𝑀. 
If nj denote particle multiplicity in the j
th 
bin, then a qth order multifractal moment, 
Gq, is defined [29, 30] as 
                      Gq= ∑ 𝑝𝑗
𝑞𝑀
𝑗=1                         (1) 
where the summation has been performed  
over the non-empty bins only, which 
constitutes a fractal set. When it is averaged 
over the entire data consisting of N events, 
it may be expressed as 
                     < 𝐺q> = (1/N) ∑ G𝑞
𝑁
1 .       (2) 
     For the observation of multifractality in 
the  rapidity distribution, mean values of 
multifractal moments, < Gq>, should give 
rise to power-law behaviour over a small η 
range in the following way 
                      < 𝐺q> =  (δη)Tq                (3)    
where Tq are the mass exponents and may 
be determined from the observed linear 
dependence of 𝑙𝑛 < 𝐺q>  on ln M using 
equation 3. 
     The generalized dimensions, Dq, and 
multifractal spectral function, f(𝑞),  may 
be obtained [30] by applying Legendre 
transform that is standard procedure of 
multifractals [25] from the following 
equations. 
              𝐷𝑞 = ( Tq)/(q − 1)          (4) 
and           f (𝑞) = q 𝑞 − Tq                            (5) 
 
where 𝑞  are referred to as the Lipchitz-
Holder exponents [31] and defined as 
                       𝑞 = (𝑑Tq)/dq .                (6) 
     Regarding the investigation of 
multifractality, spectral function is 
considered as one of the main parameters. 
For the observance of a multifractal 
structure, the spectral function is a smooth 
function concave downwards with its 
maximum at 𝑞= 0. The left (𝑞>0) and right 
(q<0) wings of the plots of the multi-fractal 
function, f(𝑞) , gives an indication of the 
fluctuation in the particle density in the 
dense and sparse regions of single particle 
pseudo-rapidity distribution [32]. The in-
homogeneity in the pseudo-rapidity 
distribution is determined by the width of 
the distribution and non-existence of sharp 
peak in the plot of f (𝑞) verses 𝑞 at 
𝑞 corresponding to q=0 reveals non-
smooth nature of the pseudo-rapidity 
distribution.  
     One of the basic properties of the fractals 
which describes  the scaling behaviour are 
the generalized dimensions, Dq. It is found 
that Dq decreases with increasing order of 
the moments,  this decreasing pattern  is 
known as multi-fractal and on the other 
hand, if  𝐷q is constant with q, the pattern is 
referred to as mono-fractal [33,34]. 
3. Details of the Data 
The emulsion stack used in the present study 
was exposed to 14.5A GeV/c silicon beam from 
Alternating Gradient Synchrotron (AGS) at 
Brookhaven National Laboratory (BNL). The 
method of line scanning was adopted to search 
the interactions. The space angles of the emitted 
relativistic charged particles, , were measured 
by using the co-ordinate method. The other 
details regarding criterion for selection of events 
and method of measurements may be found in 
our earlier publications [35,36].  
     A random sample of 555 events with nh≥0 
produced in 28Si-nucleus interactions were 
analyzed. Here nh is the sum of the number of 
the  grey (ng) and black (nb), tracks in an event; 
ng   and nb, are the numbers of the  charged 
particles/tracks with relative velocity, β< 0.3 
and  0.3≤ β ≤ 0.7 respectively. In order to 
compare the experimental results with Lund 
Model, FRITIOF, on multiparticle 
production, 5000 events were generated 
with similar characteristics as that of 
experimental events observed in 14.5A 
GeV/c 28Si-nucleus interactions. 
4. Results and Discussion 
The values of ln <Gq> have been plotted as 
a function of ln M for experimental, 
FRITIOF and Monte Carlo data in Figures 
1-3. A linear increase in the variation of 
fractal moments with increasing bin size, M, 
is observed for all the data sets. Furthermore, 
the moments with positive values of q gives a 
linear relationship over a wide range of ln 
M, whereas the moments 
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having negative q values tend to saturate with 
decreasing δη. This effect may be due to 
decrease in the particle multiplicity in smaller 
bin sizes [24]. The linear behaviour of 
multifractal moments in pseudo-rapidity space 
shows self-similarity in the mechanism of 
particle production for the nuclear interactions 
considered. The plots for the simulated data 
sample seem to be in good agreement with that 
of the experimental data. Similar results have 
been reported in relativistic hA [37] and AA 
[38] collisions.  
     The mass exponents, Tq, are obtained by 
studying the dependence of ln <Gq> on ln M. 
For carrying out approximations, only the 
portions of the curves which show linearity 
are taken into account. The values of Tq, in 
28Si-nucleus collisions obtained for Monte Caro, 
experimental and FRITIOF data are listed in 
Table 1. 
TABLE 1 
Order of 
the 
moments 
(q) 
Tq 
(Experimental) 
Tq 
(FRITIOF) 
Tq 
(Monte 
Carlo) 
-6 -12.92±0.86 -13.84±0.63 -14.37±0.73 
-4 -07.84±0.45 -08.55±0.03 -09.03±0.0.5 
-2 -03.50±0.22 -03.84±0.02 -04.16±0.15 
0 -00.77±0.09 -00.82±0.06 -00.89±0.04 
2 00.55±0.09 00.57±0.08 00.64±0.07 
4 01.27±0.27 01.29±0.29 01.53±0.22 
6 01.67±0.40 01.68±0.36 02.09±0.35 
 
     In order to study the contribution of 
dynamical component of the multifractal 
moments, experimental results were 
compared with those of the Monte Carlo 
events. Regarding the generation of Monte 
Carlo events, we tried to make it sure that 
the multiplicity distribution of the produced 
particles should be similar to that of 
experimental events. There should not be 
any correlation amongst the produced 
particles. The shape of the distribution should 
be Gaussian type for generated events. One 
more criterion which we applied is that, the 
mean value and dispersion of the produced 
particles are comparable to experimental 
values.  
     The values of Gq moments for the 
simulated data which is written as Gq
stat 
have been calculated in the same way as 
earlier for the experimental data. The 
statistical component (Tq
stat) and dynamical 
component (Tq
dyn) of the mass exponents 
are related [9] as 
                    Tq
dyn = Tq - Tq
stat+ (q  - 1).     (7) 
The variations of Tq, Tq
stat and Tq
dyn with the 
moment order, q, are shown in Figure 4. 
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It may be seen from the Table 1 and Figure 
4 that Tq increases with increasing q, 
however, the rate of increase in the regions 
which correspond to positive and negative 
values of q are quite different. In the regions 
corresponding to the negative q values, the 
increase in Tq is relatively more rapid in 
comparison to that for the region in which q 
have positive values. This observation is 
consistent with the predictions of gluon 
model [32]. Furthermore, deviation in the 
experimental values of Tq from Tq
dyn may, 
therefore, lead to the deviation in the Tq
dyn 
from (q-1). It should be mentioned that any 
deviation of Tq
dyn from (q-1) will indicate 
the presence of dynamical contribution to 
the fluctuations. Therefore, Tq may be 
considered as a more sensitive measure of 
dynamical fluctuation than Gq itself. One 
more observation which may be made is that 
Tq
dyn coincide with Tq
stat in the mid region 
of q values whereas for the q values in the 
region (2 ≤ q ≤ -2),  a significant departure 
is observed. 
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     The dependence of the mass exponents, 
Tq, on grey particle multiplicity, ng, for two 
groups of events, i.e., ng ≤ 1 and ng ≥ 2 are 
given in Figure 5. The mass exponents, Tq, 
is observed to increase with increasing order 
of the moments, q. However, it seems to 
saturate at higher values of q. We find that 
Tq depend weakly on the grey particle 
multiplicity for q lying in the range 2 ≤ q ≤ -
2. 
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     The variations of the generalized 
dimensions, Dq, with q, in 28Si-nucleus 
collisions for experimental, Monte Carlo and 
FRITIOF data are exhibited in Figure 6. The 
generalized dimensions are found to be positive 
for all orders of the moments, q and  
demonstrates a decreasing trend with increasing 
q. This behaviour is in excellent agreement with 
the predictions of multifractal cascade model 
[39]. It may be observed from the figure that the 
values of Dq are more than unity for q ≤ -2, this 
result is in agreement with those reported 
[24] earlier for different projectiles over a 
wide energy range. In order to examine the 
existence of any dependence of the 
generalized dimensions on the grey particle 
multiplicity, ng, corresponding to a certain 
order of the moment , we have plotted Dq as 
a function of q in Figure 7 again for the 
same two groups of events, i. e.,   ng ≤ 1 and 
ng ≥ 2. 
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     The generalized dimensions, Dq, have higher 
values for the interactions due to ng ≥ 2 for 
each and every order of the moments. The 
effect appears to be rather more pronounced for 
the data corresponding to positive q values, one 
of the reasons for the higher value of Dq for 
the interactions having ng ≥ 2 may be due to 
expected increase in the average 
multiplicity with increasing ng [40]. 
     Figure 8 shows the dependence of f(𝑞) 
on 𝑞 for the experimental, Monte carlo and 
FRITIOF data. The width of the multifractal 
spectra for experimental data is relatively 
wider than those for the simulated data 
which means that f(𝑞)
dyn has a broadening 
characteristic of spectra as concave down-
wards  centred  around q corresponding to 
q=0 and have a common tangent at an angle 
of 45. This observation agrees fairly well 
with the predictions of gluon model. 
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However, f(𝑞) has no peak in any of the 
cases studied which is an indication of non-
smooth nature of the multiplicity 
distribution of the particles produced in the 
interactions considered for the present 
study. 
     To see the dependence of f(𝑞) spectra 
on the grey particle multiplicity,  the spectra 
for the interactions having ng ≤ 1 and ng ≥ 2 
are plotted in Figure 9. The spectra seem to 
be insensitive to both the groups of 
interactions. 
5. Concluding Remarks 
The conclusions which may be drawn from 
the present investigation are as follows: 
(i) The observed behaviour of 
multifractal moments, Gq, and 
spectral function, f(𝑞),  in the 
pseudo-rapidity space indicates 
multifractality in the mechanism of 
multiparticle production. 
(ii) The slope parameter, Tq
dyn , is found 
as different from Tq , meaning 
thereby the existence of dynamical 
contribution to the fluctuations. 
(iii) The decreasing trend in the value of 
D𝑞 with increasing q confirms the 
presence of multifractality. 
(iv) A weak dependence of the 
parameters T𝑞, Dq  and  f(𝛼𝑞) on grey 
particle multiplicity is observed. 
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Table Caption 
TABLE 1: The values of the mass exponents, Tq , -in 14.5A GeV/c 
28Si-nucleus collisions for 
experimental, FRITIOF and Monte Carlo data. 
 
Figure Caption 
FIGURE1: The variations of ln <Gq> with ln M for the experimental data in  
28Si-nucleus interactions. 
FIGURE2: The variations of ln <Gq> with ln M for the FRITIOF data in
28Si-nucleus 
interactions. 
FIGURE3: The variations of ln <Gq> with ln M for the Monte Carlo data in  
28Si-nucleus interactions 
 FIGURE4: The variation of   Tq, Tq
dyn and  Tq
stst with q in28Si-nucleus collisions. 
 FIGURE 5: The variations of T𝑞with q for 
28Si-nucleus interactions having ng ≤ 1 and ng ≥ 2 . 
 FIGURE 6: The variations of generalized dimension, 𝐷𝑞 ,with q for experimental, FRITIOF  
 and Monte Carlo data in28Si-nucleus collisions.  
 FIGURE7: The variations of generalized dimension, 𝐷𝑞,with q in
28Si-nucleus interactions 
 having ng ≤ 1 and ng ≥ 2 . 
FIGURE8: The dependence of multifractal spectrum, f(𝑞),  against  for experimental, 
FRITIOF  and Monte Carlo data in28Si-nucleus collisions 
FIGURE 9: Multifractal spectrum f(𝑞)  versus 𝑞 plot in14.5A   GeV/c 
28Si-nucleus  
collisions having ng ≤ 1 and ng ≥ 2 . 
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